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from a Proca system in the case of a static gauge field. 
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1. Introduction 



The principle of local gauge invariance has been proven to be an eminently fruitful device 
for deducing all elementary particle interactions of the standard model. With this paper, a 
generalization of the conventional gauge transformation formalism will be presented that 
extends the requirement of local gauge invariance under linear transformation of the fields 
to also demand local invariance under transformations of the space-time metric. Thereby, 
the well-known formal similarities between non-Abelian gauge theories and general relativity 
(Ryder 2009, p 409, Cheng and Li 2000, p 163) are incorporated in a natural way into the 
gauge transformation formalism. We know from general relativity that energy — and hence 
mass — is the source of curvature of space-time. As conventional gauge theories do not 
contain any interaction terms with the space-time curvature, it appears evident that massive 
gauge fields cannot emerge in this description. 
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Conventional gauge theories are commonly derived on the basis of Lagrangians of 
relativistic field theory (cf, for instance, Ryder 1996, Griffiths 2008). Although perfectly 
valid, the Lagrangian formulation of gauge transformation theory is not the optimum choice. 
The reason is that in order for a Lagrangian transformation theory to be physical, hence to 
maintain the action principle, it must be supplemented by additional structure, referred to as 
the minimum coupling rule, or the so-called covariant derivative, the latter being distinct from 
that of Riemannian geometry. 

In contrast, the formulation of gauge theories in terms of covariant Hamiltonians — 
each of them being equivalent to a corresponding Lagrangian — may exploit the framework 
of the canonical transformation formalism. With the transformation rules for fields and their 
canonical conjugates being derived from generating functions, it is automatically assured that 
the action principle is preserved, hence that the actual gauge transformation is physical. No 
additional structure needs to be incorporated for setting up an amended Hamiltonian that is 
locally gauge-invariant on the basis of a given globally gauge-invariant Hamiltonian. 

Prior to working out the general local U(N) gauge theory in the extended canonical 
formalism in section |51 a concise introduction of the concept of extended Lagrangians and 
Hamiltonians and their subsequent field equations is presented in sections [2] and [3] In 
these sections, we restrict ourselves to trivial extended Lagrangians and Hamiltonians that 
are directly obtained on the basis of given conventional (non-extended) Lagrangians and 
Hamiltonians of our physical systems. The trivial extended Lagrangians and Hamiltonians 
do not determine the dynamics of the space-time metric (as does the Hilbert Lagrangian of 
general relativity which yields the Einstein equations), but rather allow for arbitrary variations 
of the space-time metric. This necessary precondition provides the foundation on which 
the extended canonical transformation theory for the realm of classical field theory will be 
sketched in section @J 

The U(iV) gauge theory, outlined in section |5] is then based on a generating function that 
in the first step merely describes the demanded transformation of the fields in iso-space. As 
usual, this transformation forces us to introduce gauge fields that render an appropriately 
amended Hamiltonian locally gauge invariant. The emerging transformation law for the 
gauge fields then gives rise to introduce a corresponding amended generating function that 
additionly defines this transformation law for the gauge fields. As the characteristic feature of 
the canonical transformation formalism, this amended generating function also provides the 
transformation law for the conjugate fields and for the Hamiltonian. This way, we directly 
encounter the Hamiltonian representation of the well-established U(iV) gauge theory. Yet, 
by not requiring the gauge field momentum tensor to be skew-symmetric, an additional term 
emerges that is related to the connection coefficients ("Christoffel symbols") of Riemannian 
geometry. Treating these coefficients in complete analogy to the gauge fields, we set up 
a second amended generating function that also describes the transformation law of the 
Christoffel symbols. The complete set of the subsequent canonical transformation rules for 
the base fields, the gauge fields, the connection coefficients, and the respective canonical 
conjugate fields then provides us with a second amended Hamiltonian that is form-invariant 
in all its constituents. 
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The set of canonical field equations emerging from this gauge-invariant Hamiltonian 
now yields an additional set of canonical equations for the Riemann curvature tensor, with the 
gauge fields acting as source terms. The related equation of motion for the curvature scalar 
R is shown to be compatible with the corresponding equation for a Proca system in the case 
of static gauge fields. 

In the field equation for the gauge fields, the Ricci tensor then emerges as a mass factor. 
Thus, in our description, the gauge fields engender the curvature, whereas the curvature acts 
as the mass factor of the gauge fields. Hence, general relativity is incorporated in a natural 
way into the fruitful concept of requiring local gauge invariance of our physical system. 



2. Extended Lagrangians C\ in the realm of classical field theory 

2.1. Variational principle, extended set of Euler-Lagrange field equations 

The Lagrangian description of the dynamics of a continuous system (e.g. Jose and Saletan 
1998) is based on the Lagrangian density function C that is supposed to convey the complete 
information on the given physical system. In a first-order field theory, the Lagrangian density 
C is defined to depend on I = 1, . . . , N — possibly interacting — fields ^(x), on the vector 
of independent variables a:, and on the first derivatives of the fields (p 1 with respect to the 
independent variables, i.e., on the covariant vectors (1-forms) 

'dcf) 1 ' 



dx \dct' dx ' dy ' dz J \dx^ 
The Euler-Lagrange field equations are then obtained as the zero of the variation 5S of the 
action integral 

S = fcU 1 ^^ d 4 x (1) 

as 

d dC d_C_ 

In analogy to the extended formalism of point mechanics (Struckmeier 2005, Struckmeier 
2009), we can directly cast the action integral from Eq. (Q3 into a more general form by 
decoupling its integration measure from a possibly explicit ^-dependence of the Lagrangian 
density C 

S = ^£(V,^,^detAdV (3) 

Herein, det A ^ stands for the determinant of the Jacobi matrix A = (A^,) that is associated 
with a regular transformation x h- > y of the independent variables 



A = (K) 



/ 8x° dx° \ 

I dy° - - - dy 3 » 



dx 3 dx 3 
\ dy° ■ ■ ■ dy 3 / 



d(x°, . . . , x 3 ) , „ 

detA = -^ HrT^ 

d(y ,.. . } y d ) 



W(y) = ^ 1 , a;;' (*) = ^01, as>a£ = a£a? = (4) 
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Here, the prime indicates the location of the new independent variables, y v . As this 
transformation constitutes a mapping of the space-time metric, we refer to the A£, as the 
space-time distortion coefficients. The integrand of Eq. © can be thought of as defining an 
extended Lagrangian density C\, 

«,),a*)) . £ (V W ,Ar^U))detA. (5) 

With regard to the argument list of C\, the now dependent variables x°, . . . , x 3 can be regarded 
as an extension of the set of fields (p 1 , 1 = 1, . . . , N. In other words, the x^(y) are treated on 
equal footing with the fields <\> l (y). In terms of the extended Lagrangian £%, the action integral 
over d 4 y from Eq. © is converted into an integral over an autonomous Lagrangian, hence over 
a Lagrangian that does not explicitly depend on its independent variables y v , 

s =W^>- ¥■•<»• I) dV <6) 

As this action integral has exactly the form of the initial one from Eq. ©, the Euler-Lagrange 
field equations emerging from the variation of Eq. © take on form of Eq. © 
d dCi dCi Q d dCi _ dCi _ Q 



dyi q ( e£\ dcp 1 ' dyi q ( d^£\ dx^ 

With the (ft 1 embodying scalar fields, the derivatives 8(f) 1 /dx^ define a covariant vector for 
each field I = 1, . . . , N. Provided that the Lagrangian £ represents a Lorentz scalar, hence 
£i a scalar density, then the form of the Euler-Lagrange equations © is maintained under 
transformations of the space-time metric. 

If the Lagrangians £, C% are to describe the dynamics of a vector field a M in place of a 
scalar field (p 1 , then the Euler-Lagrange equations take on the form 



dx* d (^) da» ' dyi q j da» 

Yet, the derivatives da^/dx" do not transform as tensors. This means that the Euler-Lagrange 
equations ® are not form-invariant under arbitrary transformations of the space-time metric. 
We must therefore assume our reference system to be a local inertia! frame, whose metric is 
given by the Minkowski metric g^ u = r]^ u = diag( — 1, 1, 1, 1). Any field equation that holds 
in this frame must then finally be converted into a tensor equation in order to hold as well 
in a frame with arbitrary metric g^ u . This can always be achieved by converting the partial 
derivatives of the vector field components a M into covariant derivatives. 

2.2. Equations for the trivial extended Lagrangian C\ 

In oder to show that the conventional Lagrangian C description of a dynamical system is 
compatible with the corresponding description in terms of extended Lagrangians, we must 
make use of the following identities 

a ( dtj, 1 \ 

d(j) d(f) dy % u \ dx a ) dy % dy u 
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dx a dy l dx a q ( o£_) % dx a dx a 

V 9y" J 
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o (|S) °y l v a d v 

dy i dx» M dx a dx^ 

d ( dy 1 \ d 2 x k dy l dy- 



dy 1 \dx^ J dy l dyi dx k dxf 1 
— ) ° \ — ) ° { TU-) 8(f) 1 dy j dy u dcj) 1 dy v 



8 [0) _ 8 [0) 8 (d£) 8(f) 1 dy j dy u dcj) 1 

q ( dxA q ( dyA q ( dxA dyi dx» dx a dx» dx a 

\ dy" ) \ dx l J \dy" J 

dx u <9detA n , a ddetA dy" , . 

— —. r- = 5"detA <^=> —. ^ = -^-detA 

d det A 0V dyi ^ A ^ d (d^_ ^ A \ (9) 



dyt 1 dyWy^dx 1 dy 1 ydx 11 

with the last two lines following directly from the definition of the determinant. 

The correlation © of the extended Lagrangian L\ and conventional Lagrangian C 
emerges from the requirement of Eq. © to yield the identical action S, hence to describe 
the same physical system. If we are given a given conventional Lagrangian C and set up the 
extended Lagrangian Ci = C det A by merely multiplying C with det A, then Ci is referred to 
as a trivial extended Lagrangian. This correlation is readily shown to induce an identity that 
holds for any trivial extended Lagrangian C\ = £ det A. As det A only depends on the space- 
time distortion coefficients A£„ the derivatives of the trivial Ci from Eq. © with respect to 
its arguments are then 



■ det A. 



det A, (10) 

cxpl 



dcj) 1 dcj) 1 dx^ dx^ 

where the notation "expl" indicates the explicit dependence of the conventional Lagrangian £ 
on the x^, and 

dCi d£ dy v 



d(^) 0... 



d4>i\ dx i 



det A 



BCi „ <9detA dC 8 Vat . , 4 
C —, r- + r ) det A 



d<t>' 



8 (^) 8 8 (%) 8 (p 



n dy» . d£ dcj) 1 dy" , . 

£-^detA -. r J * det A 

dx^ q ( 9¥_ \ dx 11 dx 1 

\ dx 1 J 

q( dg_\ dxf } dx 1 



dx 

-V^gdetA^-^^^detA 
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with denoting the energy-momentum tensor, and the corresponding tensor density at 
the same space-time location 

dL dS 1 

t u "(x) = —, r - ~tt~ - 5 V U C, t»{x) = t»{x) det A. (12) 

'' q <>r,<\ O.rl' 



^ dx 

Furthermore, 



dd dx u dL dd 1 

Sr.C det A - — P^- tt— det A = -t" det A 



dCl Kd ^^CdetA (13) 



a ( ari\ dyi* 11 q( W_\ dyt 1 dx 

\ dy v I \ dx i J 

Summing Eqs. (fTT|) and (fT3l) . we finally find for the trivial L\ 



dCr W + dCr M = (]4) 



In the derivation of Eq. (fl~3~K we have made use of the fact that £ is a conventional Lagrangian, 
i.e. a Lagrangian that depends on the space-time distortion coefficients A^, only indirectly via 
the reparameterization condition (0 applied to its velocities, 

df_ _ dcj) 1 dy a _ jdtf 

dx^ ~ dy a dx» ~ M dy a ' 
Defining the extended energy-momentum tensor similarly to the conventional one from 
Eq. (El) 

dd dd dx' 

\ dy" J \ dy v ) 

we thus have 

V = o. 

For a trivial extended Lagrangian £ x , all elements of the extended energy-momentum 
tensor (TT3T > thus always vanish. 

For a given conventional Lagrangian C, the related trivial extended Lagrangian d = 
C det A is a homogeneous function of degree 4 in the "velocities", since for any k E R 

^ i d^ 1 



k 



dyi k dx^ dx^ 



rf^^a^l/^dct.A 
~ { b 'dy^ X >dy» 
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In that particular case, Eq. (IT4T > represents the Euler identity for homogeneous functions, 
which is automatically satisfied owing to the construction of d- Then, the left-hand side 
Euler-Lagrange equation from Eq. © is equivalent to the conventional Euler-Lagrange 
equation © 



dd d dd 




dy J 
dx 1 



detA 



dC d ( dy- 

dx' 



detA 



= 



detA detA 



dC 

The right-hand side Euler-Lagrange equation from Eq. © does not provide any information 
on the dynamics of the space-time distortion coefficients. This is what we expect as a 
conventional Lagrangian £ cannot describe the dynamics of the space-time geometry. Yet, 
this equation quantifies the divergence of the /i-th column of the energy-momentum tensor 
due to an explicit dependence of £ on i* 1 , 



dd d dd 



dt; dy 



dx^ dyi q 



dyi 



3 ■ d 

( , . det A - t* — 

ay 3 ox 1 p ay 3 



dx 



-detA 



=0 



^detA^ 9C 



dC 



dx^ 



dx { 
dt„' 



dxi 1 



detA 



cxpl 



expl 



dx* 



(16) 



Thus, if C has an explicit dependence on the independent variable x^\ then external forces are 
present and the four-force density is non-zero. 



2.3. Non-trivial extended Lagrangian d 

If d is the primary function to describe our physical system, then an equivalent conventional 
Lagrangian C = d/ detA generally does not exist as C is supposed to not depend on 
the space-time distortion coefficients A^,. Then d is no more homogeneous in the y u - 
derivatives of the (f) 1 and x M in general, hence the condition (fl~4T ) does not hold for non- 
trivial extended Lagrangians d- The Euler-Lagrange equations © involving the space-time 
distortion coefficients then determine the dynamics of these coefficients. In this paper, we 
only consider trivial extended Lagrangians. 
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3. Extended Hamiltonians Hi in classical field theory 

3.1. Extended canonical field equations 

For a covariant Hamiltonian description, we must define momentum fields iij and 7r j as the 
dual quantities of the derivatives of the fields 

Ttf(x) = . , jffty) = ^ (17) 



\dx^ J 

According to Eqs. (fTTI) . the momentum fields emerging from the extended Lagrangian 
density Ci transform as 

*?<,)= wo |£d*A ~ irw=i;w |:_i_. (18) 



Therefore, 



r z = TTj det A, ifJCif) = ttJ(x)^£ 7r?(y) = ^(x)° 



which shows that TTj represent tensor densities, as indicated by the tilde, whereas the iij 
transform as absolute tensors. 

Similar to the momentum field itj (y) constituting the dual counterpart of the Lagrangian 
variable 8(f) 1 (y) / dy v , we define the canonical variable f " as the dual quantity to dx^(y) / 'dy v '. 
Clearly, t " follows similarly to Eq. ([171 from the partial derivative of the extended Lagrangian 
density L\ with respect to dx^/dy u , 



We can now introduce both, the Hamiltonian density H and the extended Hamiltonian density 
Hi as the covariant Legendre transforms of the Lagrangian density £ and of the extended 
Lagrangian density C\, respectively 



U^^t;) = ^ - //- - A ^, ^ j . (21) 

The trivial extended Lagrangian density C\ in Eq. (|2l) is related to £ according to Eq. ©. 
Replacing then £ according to the Legendre transformation from Eq. (|20l i by we obtain 
the correlation of extended and conventional Hamiltonian densities, 

= ^ A - ^ ~ det A + det A. 

1 dx k dy3 % dyi 1 dxi 

As the first and the third term on the right-hand side cancel, the trivial extended Hamiltonian 
density Hi is related to the conventional Hamiltonian density H by 

~ ■■ ■ dcc^ 

fti(0 J , = -t?— + U((I) 1 , it i, x) det A. (22) 
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According to Eq. (fTTT) . the function dC\/ d{dx >1 / dy v ) is related to the component of the 
energy-momentum tensor. Thus, t u as the dual counterpart of dx^/dy 1 ' is 

dv v ~ ■ dx v 1 

t a v = tj(x) ^- det A t u v (x) = tj ^- - — -. (23) 

^ * v ' dxJ dy 3 det A v 

Expressed in terms of the scalar function t?(x), the trivial extended Hamiltonian density Hi 
from Eq. (l22l) is given by 

Ux = (U-t/(x))detA. (24) 

According to Eq. (fTTT) and the conventional set of Euler-Lagrange equations ©, the 
conventional Hamiltonian H, defined in Eq. (1201) . satisfies the conventional set of covariant 
canonical equations 



dU 8(f) 1 dU dC dn{ dU 



dC 



expl fa" 



■ (25) 

expl 



8ttj dx^ ' dtp 1 dtp 1 dx 3 ' dx 11 

We can now check whether the so-defined extended Hamiltonian density Hi satisfies the 
extended set of the canonical equations. To this end, we calculate the partial derivatives of Hi 
from Eq. (|22l) with respect to all canonical variables, 

&Hi dHdix k j , . d(f)\ r dx k dej) 1 
det A = -2-rS, 



dn» dir k d^ dx k J dy v dy v 

dHi dtj 1 dx 1 dt/ dx % j p dx^ 

dy 7 ~ dy 7 6 ~~ ~~dy 3 W^ ~ ~~dy 3 u 1 ~ ~~dy» 

dn i_ dn detA _ d7T i detA _dx k d%{ dni 
deft 1 dej) 1 dx k dy 3 dx k dy 3 

&Hi _d£i d dCi gy 

dx^ dx^ dy 3 q ( §x^\ dy 3 



(26) 



The extended Hamiltonian density Hi thus indeed satisfies the extended set of canonical 
equations. Obviously, the Hamiltonian Hi — through its (ft 1 and x M dependencies — only 
determines the divergences ditj/dy 3 and di 3 /dy 3 of both the canonical momentum vectors 
and the columns of the energy-momentum tensor density but not the individual components 
it j and t Consequently, the tcj and t v are only determined by the Hamiltonian Hi up to 
divergence-free functions. This freedom can be exploited to convert both, the covariant and 
the contravariant representations of the energy-momentum tensor into a symmetric form. 

The general form of the extended set of canonical equations (l26l) yields for the 
trivial extended Hamiltonian (122)) an identity for the equation for the space-time distortion 
coefficients 

dx^ &Hi dx^ 



dy u ~ dt^ dy 



(27) 



This means that a trivial extended Hamiltonian does not determine the dynamics of the space- 
time geometry. Rather, it merely allows for a variation of the space-time metric. 
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The conjugate field equation quantifies the divergence of the energy-momentum tensor 
density t" from the -dependent terms of the trivial extended Hamiltonian (1221 

di« _ dHi _ dU 



Qyot Q x n Q xt j, 

On the other hand, we have 



det A. (28) 

cxpl 



' t f 7^ det A = — ^- det A + t f — det A 



<9y a <9y Q y* 1 dx? ) dy a dx? M dy a \dxP 

dt„ a 

det A, 



so that 



ot^ on 



dx a dx^ 



cxpl 

in agreement with Eqs. (fTol and (125b . The trivial extended Hamiltonian (l22l) thus simply 
reproduces the field equations of the conventional covariant Hamiltonian H while allowing 
for arbitrary changes of the space-time metric. This property will be crucial for setting up an 
extended canonical transformation theory where mappings of the space-time metric are made 
possible in addition to the usual mappings of the fields and their canonical conjugates. 

The action integral from Eq. © can be equivalently expressed in terms of the extended 
Hamiltonian density Hi by applying the Legendre transform (1211 

s = L few - ■ ni (/ - r " x "' dV <29) 

This representation of the action integral forms the basis on which extended canonical 
transformations will be defined in Sect. |4] 

In case that the extended Lagrangian describes the dynamics of a (covariant) vector field, 
dp, rather than the dynamics of a set of scalar fields, J , the canonical momentum fields are 
to be defined as 

r)C 

From the transformation rule for a covariant vector field 

dy a 

the rule for its partial derivatives follows as 

da^ix) _ da a (y) dy a dy? d 2 y a 

T O'a (.y ) ' 



dx u dyP dx^ 1 dx u dx fJ -dx v 
Thus 







dx" 



d 



9a s {y)\ a p dx^ dx u dx^ dx 
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The canonical momentum fields p^iy) then transform according to 

o f da a (x) 

= OCdetA d \~^ 

~ P {X) dx<* dxP d6t 
= P* v (y) detA. 

Similar to Eq. (fTHT) . the momentum fields and represent the "extended" and the 
conventional conjugates of a vector field a M . 

5.2. Extended energy -momentum tensor 

The Hamiltonian formulation of the extended version of the energy-momentum tensor from 
Eqs. (fT5l) is defined by 

T » nj , ~u 9 ^ XU-k 9 ^ 7v 9xi , sulk 9 ** 

Inserting into (I3TI) the definitions (fTTT) and (fT9l ) of the canonical conjugates Try and t u of 
the variables cp 1 and x'\ respectively, the identity ([141 ) that holds for the trivial extended 
Lagrangian £ x is expressed in terms of 7^ v with Hi the trivial extended Hamiltonian from 
Eq. ([23]) as 

V = °- 

For the trivial extended Hamiltonian, all elements of the extended energy-momentum 
tensor (|3TT ) thus always vanish, which is in accordance with the corresponding Lagrangian 
formulation from Eq. (TT3T ). 

Making use of the extended set of canonical field equations (|26l) . we can directly 
verify that the divergence of the extended energy-momentum tensor 7^ u (y) vanishes for all 
indexes [i 

9 %Kv) fdHidct) 1 dHidnj dUidx i dHidt^ 

— : = I r H — r H : r H ~ r I 

dyi \ dcj) 1 dyi dix\ dyi dx l dy j Qt k dy j J M 

Qyj dyt 1 ^&yvdyi dyi dy k J^oy^dy^ 
_di[_dx^_ ~ j §j dt i k dx i 5i ~ k J£*f 

Qyj Qyv J^dy^dy^ M dyi dy k Jt^oy k dy^ 
djtj dcj) 1 dcj) 1 drc} dt k dx % dx l dt k 

Qyk QyfJ, Qyi Qy fl Qyk Qy fl Qyk Qyfl 

dnj dcj) 1 dftj dcp 1 di? dx l dt k dx % 



Qyj QyV QyV Qyk Qyj QyH QyH Qy 
0. 



Thus, in the extended description in terms of Ci and Hi, energy and momentum densities are 
formally always preserved. 
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4. Extended canonical transformations 

4.1. Generating function of type T\ 

We may set up the condition for canonical transformations that include a mapping x(y) (->■ 
X(y) of the parameterizations of source and target systems, x and X, respectively, with 
being the common independent variables of both systems. We again require the action integral 
— this time in the formulation of Eqs. © and (|29b — to be conserved under the action of the 
transformation. I.e., its integrand is determined up to the divergence of a 4-vector function 
J 7 ! = J 7 1 (0 / , <J> 7 , X^) of the sets of original fields ^(y) and transformed fields &(y) in 
conjunction with the original variables x^(y) and transformed variables, X(y) 



A = £[ + 



dyi 
~ „■ dx 



7T 



dyi 1 dyi L ^ ' ' ' ' " 

= fi % ~ f 'w - n[ (*'■*• *"•*»") + w ■ (32) 

Since the independent variables y M are not transformed, we can set up at any space-time 
location y a local inertial (geodesic) coordinate system, in which the tensor form of the 
divergence of a function J r 1 (0 7 , $ 7 , x^, X M ) is just the ordinary divergence 

dT\ dP^dtf dT{d¥ dT\dx i dP 1 dX i 

— - = — -— — H H - — H - -. (33) 

dyi dtp 1 dyi <9$ 7 dyi dx 1 dyi dX l dyi 

Comparing the coefficients of Eqs. (|32l) and (|33~T) . we find the extended local coordinate 
representation of the field transformation rules induced by the extended generating function 

dT^ dT^ dT^ dT^ 1 

u '~ 9$ 7 ' *" " ac' lv ~ dx»> H ^- Hl - 

(34) 

The va/we of the extended Hamiltonian Hi is thus conserved under extended canonical 
transformations. Hence, the new extended Hamiltonian density H'^Q 1 , II/, X M , T v ) is 
obtained by simply expressing the original extended Hamiltonian Hi(0 7 , 7fy, x M , f ") in terms 
of the transformed fields $ 7 , ny, the transformed space-time location X^, and the transformed 
energy-momentum tensor density, T v . 

The transformation rule for the conventional Hamiltonian density H >->■ H' is obtained 
from Hi = Hi by inserting the definition (l22l) of the extended Hamiltonian 

H'detA'-f/!^ = HdetA-t7'!^, det A' = " " " ' ^ , (35) 

1 dy= 1 dyi d(y°, . . . , y 3 ) 

4.2. Generating function of type Ti 



The generating function of an extended canonical transformation can alternatively be 
expressed in terms of a function Ti of the original fields (p 1 and the original space-time 
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coordinates, x M and of the new conjugate fields 11^ and the new energy-momentum tensor 
density T^ M . In order to derive the pertaining transformation rules, we perform the extended 
Legendre transformation 

Tg(<j) I ,fL u I ,x»,f^)=F?((f) I ,$ I ,x»,X»)+$ I IL»-X j f/. (36) 

The subsequent transformation rules are obtained as 

f)-rV ft-pV ftfH fl-pV 

1 dcj) 1 v dUf dx v v cfT a v 

(37) 

which are equivalent to the set (|34l ) by virtue of the Legendre transformation (|36l if 
det(d 2 J-~i / d(j) K d& L ) ^ for all matrices [i = 0, . . . , 3, in conjunction with the conditions 
detA ^ and det A' ^ 0. 

4.3. Invariance of the extended energy-momentum tensor 7^ u under extended canonical 
transformations 

Inserting the transformation rules for the original variables pertaining to the generating 
function of type T\ from Eq. (l34l) into the Hamiltonian representation of the extended energy- 
momentum tensor (|3TI) . one finds 



'a = Hi U + "77TT"o 7 + -77—77- ~ K -777T7TT + 



M L » d<p dy» dx l dy» M yd^ 1 dy k dx i dy k , 
The derivatives of with respect to the original variables and x l can be converted into 
derivatives with respect to the transformed variables $ J and X 1 according to Eq. (l33~T) . which 
yields with Hi = H[ 

dTj d7{d¥ dJ^dX i (dT k dT k d¥ dT k dX % 
= 1 " + dyf ~ d® 1 dy» dX i dy* tl \dy k ~ <9$ 7 dy k ~ dX i dy k 
Inserting now the transformation rules for the new variables from Eq. (l34l) . this gives 



Qyii 1 Qyfl * QyH P ^ Qyk ' Qyk « ^ 

-u„ ) +\ . ^ -^r ^-QyT- 

The va/we of the extended energy-momentum tensor 7^ " is thus maintained under the 
canonical transformation generated by T\ up to the tensor . The divergence of 
obviously vanishes identically 

QS j d 2 P d 2 T k 

dyi dy^dyi fl dy k dyi 
As stated beforehand, the energy momentum tensor 7^ v is determined by the Hamiltonian 
%i only up to divergence-free functions. Therefore, we can always add the divergence-free 
tensor S„ v to (T u )' without modifying its physical significance. The transformation rule for 
the extended energy-momentum tensor is then finally given by 

% v = {% % 

which exhibits the consistency of the canonical transformation formalism. 
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5. General local U(N) gauge transformation in the extended canonical formalism 

5.1. External gauge field 

A given dynamical system whose dynamics follows from a conventional Hamiltonian density 
% is described equivalently in the extended formalism by the trivial extended Hamiltonian, 
defined by Eq. ([22]), 

Hi = HdestA-tJ-^j, (38) 

with tj 3 the energy-momentum tensor density and —dx a /dy 13 its dual counterpart from 
Eq. (TT9b . We assume the extended Hamiltonian Ki to be form-invariant under the global 
gauge transformation 

In component notation with complex numbers ujk G C, this means 

*/ = Ui K (f>K, = (PkUki, (39) 

with £/ a unitary matrix in order to warrant the norm <fi4> to be invariant, 

Ulfl =IPU = 1, = U ] Ucf) = 4><f>, 

hence 

UjrUki = Ujk UrI = Sji, 

= 4>jU.ji Uik4>K = 4>J 8jK<j>K = 4>j4>J- 

The transformation (|39l of the fields is generated by the following extended generating 
function of type J 7 ^ 

J% = ffu (f> + ~$ C/t if - f a " g a {x) 

= ft K u KJ <Pj + $ K u K j ft* - f a »g a (x). (40) 

The function g u (x) defines an identical transformation of the space-time event x^(y) = X' M (y) 
for g t± (x) = x^ and, correspondingly, a non-trivial mapping x fJ, (y) >->■ X^(y) otherwise. 

For the particular case of U = U(x) being explicitly x^-dependent, the generating 
function (l40l) defines a /oca/ gauge transformation. We shall work of the condition for the 
dynamical system to be invariant as well under arbitrary local gauge transformations. For the 
particular generating function (l40l . the general transformation rules from Eq. d3VT > give rise of 
the specific rules 

3 TV _ f)T^ 

^ = = StkUkjIFj, Uttf =^7 = WlKUKjfo 

°<f>i dUj 

ft T 1 * 

x p V = = K € 9 a (x), H[ = Hi 



dx v dx v T dx" J a dx" 
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The complete set of transformation rules — all referring to the same space-time event y — is 
then 

W J = ILj Uji, VTj = UlJ flj, (pi = UIJ $ J, 0/ = $ J UJI 
ftf = M/jVTj, Il 7 = WjUjt, $7 = 0jMj7, $j = U U (j)j 



X" = g v (x) 

~ R dx a ~ R dX a ^-P du K r — duu ~ R 

fc «V =Ta w~ UK ~w^ j ~^ KliKi w Uj ' (41) 



The transformation of the energy-momentum tensor densities follows from the corresponding 
rule of Eqs. (@T) 

According to Eq. (|35l) this means that the form of the Hamiltonian H is not conserved if 
the Uki depend on the x M . This implies that the canonical field equations are not invariant 
under local gauge transformations <f> = U(x) (f>, which is unphysical. In order to work out the 
physically correct Hamiltonian H that is form-invariant under local gauge transformations, we 
must adjoin the Hamiltonians H and %' with appropriate terms that compensate the additional 
terms emerging from the gauge transformation being local. Thus, the amended Hamiltonians 
H and f-{! must be of the form 

U det A = H det A + iq {T K <pj - X nj) 

U' det A' = H' det A' + iq (lf K <S>j - $ x ft") A KJa . 

Herein, q E R denotes an as yet unspecified real coupling constant. Submitting the 
amended Hamiltonians to the canonical transformation generated by (|40l) . the general rule 
for conventional Hamiltonians from Eq. (1351 yields with Eq. ((42)) 

and hence 

W det A - U det A + (ff K $j - <§ K flfj (iq A KJa - ^ u u 

= (fikfa ~ 4>K Kj) a KJa 

TT° $ j - fi^) U KI iq a ILp U LJ . (43) 



H' det A' - fl det A = f„'f£ - tf£ s = (ft>, - * K ft 5 ) ^ «„, 



Provided that the original system Hamiltonian H is invariant if expressed in terms of the new 
fields, then %' det A' = H det A. The transformation rule for the gauge fields follows as 

A K j»{v) = u K i aiL^iv) u LJ + ^-Q^fuiJ- ( 44 ) 

It coincides with the conventional transformation rule for gauge fields where the space-time 
geometry is static by assumption. Under the precondition that the gauge fields transform 
according to Eq. (l44l . the form-invariant Hamiltonian H is given by 

H det A = U det A + iq (^ K 4>j - ~4> K vr") a KJa . (45) 
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Due to the fact that the product b KJa = du KI / dy a ujj is skew-Hermitian in the indexes K, J, 

t duji _ _ duu du K i _ , 
JKa ~ ~dy^ UlK ~ UKI ~dy^ ~ ~~d]f r UlJ ~ ~ bKJa ' 

the N x N matrices of 4-vector gauge fields, a KJ and A KJ , must be Hermitian. With the 
Hamiltonian (|45l) . the Hermitian N x N matrix of 4-vector gauge fields clkj is treated as a 
set of background fields whose dynamics are not covered. In order to include the dynamics of 
the fields ctxj into the system's description provided by the Hamiltonian, we must amend the 
generating function (|40l ) to also describe their transformation rule from Eq. (l44l . 



5.2. Including the gauge field dynamics under variable space-time metric 

The Hermitian gauge field matrix ajj(y) embodies a set of complex 4-vector fields and hence 
constitutes on its part a physical quantity. Therefore, its transformation property must also 
comply with the canonical transformation rules. The transformation property of the gauge 
fields can be described by amending the generating function from Eq. (l40T ) as follows 



J% =tfu<j>+<j>tfff- f a »g a (x) + P atl (lJa a U^ + I J^- [/^ (46) 
= Ii K u K j 4>j + 4> K uk j n j - f a fl g a (x) + Pjk (u KI a ILa u LJ + A 111 J 



iq dy a 

The functions Pj£ contained herein denote formally the canonical conjugate quantities of the 
transformed gauge field components, A KJa . The additional transformation rules derived from 
the amended generating function (l46l) are 

ru a .„ / _ 1 du K i _ 

Ou A KJa = —~— = K U KI dlLa U LJ + - —— U U 

Pnm = o — — = p jk u ki Sim S L n 5« u LJ = u NJ Pfy u KM 

OClMN/3 

r [m d?2 ff du Kj , - du KJ ~ ^dg a 

du KI _ du LJ 1 Ouki duu 1 d f du KI _ 

aiLa U LJ + URiaiLa + : 7T-- + " 7{ 77 ~ TT^TT U U 



dx v dx u iq dy a dx u iq dx v \ dy 



(47) 



The canonical transformation obviously reproduces the required transformation rule for 
the gauge fields from Eq. (|44l as the amended generating function (|46|) was deliberately 
constructed accordingly. In contrast to the gauge fields a IJu , their canonical momenta, p^/j 
transform homogeneously. In order to set up the transformation equation for the Hamiltonians 
according to Eq. (135T ). we must calculate from (1471 the contraction t a ^dx a /dy 13 



duxi _ 9ulj 1 Ouki duu 1 2 uki 

Qy0 aiLa ILO! Qyf3 jg, QyOL Qy/S QyO. Qy/3 
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The second derivative term is symmetric in the indexes a and 0. We therefore split Pj^ into 
a symmetric Pj^ and a skew-symmetric P^fH} part in a and /3 

pa(3 _ p(a/3) _,_ pM / 4 ox 



where 



p[a/3] _ 1 / pa/3 _ p/3a\ pM _ 1 / p a,3 , p^a 

r JK — 2 \ r JK r JK ) i r JK — 2 \ r JK JK 



The product of the second partial derivative term with P^k vanishes 



JK dy«dy? ~ 

The transformation of the energy-momentum tensors then splits into three groups of terms 

5 [a/3] ( du K I _ <9« L j 1 <9«x/ ^M/j 

+ ^^ a/LaULJ + W/LQ ^ + i^^^ 

5(a/3) / _ <9« LJ . 1 9u KI dUu 1 2 U KI _ \ 

+ P ^ \~dyT ^ ULJ ~W + Y q ^W V q Wd? UlJ ) ' 

—A* 

The ^/-dependence of the terms involving the fields $/ and their conjugates, lij, can be 
replaced according to Eq. (|43l ) by a gauge field dependence 

= (ll K $J - §K fij) IS ^AVa - (flj^J - TTj) «if Ja- 
in the second group, the w/^-dependence of the terms proportional to Pf^ can be eliminated 



d 2 u KI 



by means of the transformation rule (I441 i for the gauge fields, which reads, equivalently 
-^-y = ig {Akj^ujj - u KJ a JItl ) 

-q-J = 1? «KJ - Ui K A K j^) . 

In conjunction with the transformation rule for the canonical momenta p v f K from Eqs. (|47T) . 
one finds 

5[a/3] / ^Mk/ _ dti/j 1 <9wx/ <9w/j\ 

Oif "tt - ^ - aiLa u LJ + u KL a LIa — — - H : — I 



= ^ "P/if {—A-KIa Ajjp + ULJUKN UN la Q>ILp) 

= iq p^jx ax ia a u/3 — ig Pj°k A KIa Ajjp 

= ^QPjK i a KIa — dKip Ctlja) ~ |ig Pjk {Axia Aijp — Axi/3 Ajj a ) . 

Finally, the ^/-dependence of the terms proportional to Pj^ can be eliminated as well by 



means of both the canonical transformation rules for the gauge fields (1441) and that for the 
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momenta from equations (|47T ) 

5(«/3) ( du KI _ du LJ 1 du KI duu 1 d 2 u KI _ 

\ oyP oyP iq dy a OyP iq dy a oyP 

_ p(a/3) / £>AKJa dOiLa \ 

i pa/3 ( dA KJa dA KJI3 \ _ ! ^ / daxja da K jp 

~ 2 JK V <V ay a ; 2Pj ^ V <V <% a 

Note that the //, //-symmetric ram of the partial derivatives of the gauge fields does not 
transform like a tensor under space-time transformations y i->- x. Corresponding to the 
procedure of introducing a gauge field Ukj in Eq. (|45l) . this means that we must regard T^ a/3 
as another "gauge field". 

In all three groups of terms, the crucial requirement for gauge invariance is satisfied, 
namely that both the emerging terms no longer depend on the uki and that all of these terms 
appear in a symmetric form in with opposite sign the original and the transformed canonical 
variables. Summarizing, the transformation of the energy- momentum tensor is given by 

Tq/3 !hf ~ ^"dyP = iq \ K ® J ~ ® K V AKJa ~ l<1 ^ K<I)J ~ (t)R ^ aKJa 
~ 1 15 Pjk {A-Kia Aijp — Aki/i Au a ) + |ig pjx (axia a-up — a-Kip a-Ua) 

+ \PjR \ AKJat\p + Axj/3-a + 2r' ^ a pA KJ£ J ~ ^P^K (^ a KJa;/3 + &KJfi;oi + ^^ a $ a KJy ■ 

Defining a second amended Hamiltonian V. as 

H det A = H det A + ig (vf^j - a XJa (49) 

this Hamiltonian transforms, as usual, according to 

H' det A' - H det A = T - tj 



<* dyP a dy?' 
and thus yields the transformed second amended Hamiltonian 

H' det A' = n det A + iq (ff K <$>j - $ K flj) A KJa 

~ ^qPjK^AKIaAijp — AxjpAjjc^j + \Pjk (Ajcja-p + A KJl3 . a + 2T'^ a/3 A K j^j 



The Hamiltonian (1491) is obviously form-invariant under the extended canonical transforma- 
tion that is generated by J 7 ^ from Eq. (|46l , provided that the original system Hamiltonian T-L 
is invariant if expressed in terms of the new canonical variables, %' det A' = % det A. With 
the partial derivatives replaced by covariant derivatives , this result corresponds to that of the 
conventional gauge theory, which is worked out on the basis of a fixed Minkowski metric, 
hence a vanishing space-time curvature. 
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r'V(i/) = rU*) -h-£j,. i^ + ih (50) 



The transformation rule under changes of the space-time location for the Chris toffel 
symbol T^ a/3 contained in Eq. <|49l is given by 

dy v dx K dx x dy* 1 d 2 x^ 
dx^ dy 11 dy v dx^ dy^dy v 
Similar to the case of the amended Hamiltonian (1451) with external 4-vector gauge fields o,kj, 
the Hamiltonian (|49|) treats the Christoffel symbols as a set of external coefficients whose 
dynamics are not covered. In order to also include the dynamics of space-time curvature into 
the system's description provided by the Hamiltonian, we must further amend the generating 
function (|46|) to also describe the transformation rule of the Christoffel symbols under changes 
of the space-time location. 

5.3. Including the space-time curvature dynamics 

In the extended Hamiltonian formalism, the space-time variables x^ and their conjugates, the 
elements of the energy-momentum tensor density t v are treated as dynamical variables, in 
formal similarity to the description of the fields and their canonical conjugates. We now 
further amend the extended generating function (|46l ) by adding exactly those terms that 
describe the transformation of the Christoffel symbols from Eq. (l50l) due to a transformation 
of the space-time location 

J% = ff K u KJ (pj + 4> K u KJ fl^j - f a tJ 'g a {x) + Pj£ [u KI a ILa u LJ + i uu^j 

+ f /&<*Pn( T t dy r 'dx K dx x dy r > <9V \ 
q v \ KX dxt dy a <V dx* dy a dy? J' K ' 

This means that the Christoffel symbols T v a[S are now treated as canonical variables of the 
original system. The quantities R are formally introduced to represent their canonical 
conjugates. The primed quantities then refer to a transformed space-time location. Moreover, 
a new coupling constant q' has to be defined in order to match the dimensions of all terms. 
The generating function J 7 ^ 1 and newly introduced variables are measured in units of 

dim = energy • length -2 , dim R 01 ^^ = length -2 , dim r^, A = length -1 . 

Consequently, the dimension of the coupling constant q' is 

dim q' = energy ■ length. 

The additional transformation rules derived from the second amended generating function 
(|5T1) are 

5 » T >v d H _ 5 u ( r t dy^dx^dx^ + &x* dy*> 



v aP d(q'R! v a ^) v \ kX <9x« dy a dy? ' dy a dyP dx$ 



dy u 

p,K\n dJ^x) _ g a/3a dy" 1 dx K dx x dx^ 

5 d(q'V^ KX (x)) " dxtdy<*dyP dy°' 
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hence 



-,/TJ 



R 



a/3 



nXfi 



QyT, Q X K Q % \ ^ Qyf] Q2 % i 



R 



kX dx$ dy a dyf 3 ' dx^ dy a dyf 3 
, a/Scr dy v dx K dx x dx 11 



dx^ dy a dyf 3 dy a ' 

Obviously, the first canonical transformation rule reproduces the desired rule for the 
Christoffel symbols from Eq. (l50l . The second canonical transformation rule for the conjugate 
quantities R^f 1 just depicts the transformation rule for a mixed (3, 1) tensor under an 
arbitrary change of the frame of reference, which shows that R^^ is a tensor — in contrast 
to the T^ kA , which do not transform like a tensor. 

It remains to derive the transformation rule for the Hamiltonians by calculating the x v 
derivative of all non-canonical variables that are contained in the second amended generating 
function (|5TI) . followed by the contraction with dx v jdyf 1 



~ „dx L 
t M 



d T% dx 1 



dyL 



JK 



dx v dyf 1 
du KI 



~ dq a 
a dyf 1 



du K i _ 



dyf 3 



_ 9ulj 1 dv,Ki dujj 1 d 2 UKi _ \ 

aiLa U L J + U KI a ILa - Er - r + — ^TTT -TT7T + 77. 5 . „o. r u U 



dyf 3 



q'R\ a ^ 



£ / Q 2 yV Q x " Q x * Q x > 
kX\ Ci^t C\^v £)„.n, £l„.ty. 



+ 



\dx^dx u dyf 1 dy a dyf 3 
d 3 x^ dy n d 2 x^ 



+ 



iq dy a 
d 2 x K dy 11 dx x 
dy a dy fl dx^ dy 13 
d 2 y 1 f dx u 



+ 



iq dy a dy 13 J 

d 2 x x dy v dx K 
dyadyf 1 dx^ dy a 



dy a dyf 3 dy fl dx^ dy a dyf 3 dx^dx v dyf- 



(52) 



hence 



,dX c 



dyf 3 



,dx a 



Quki _ 
-W UIJ 



+ P 



JK 



du 



Kl 



dyf 3 



Q>ILa ULJ + UkiO.IL. 



+ q'R' v 



K A 



( d 2 f 



dyf 3 

dx v dx K dx x 



du LJ 1 du KI du u 1 



+ 



iq dy a dyf 3 
d 2 x K dy 11 dx x 



+ 



d 2 u KI _ \ 
iq dy a dy 13 J 
d 2 x x dy v dx K 



+ 



\dx^dx u dyv dy a dyf 3 dy a dy^ dx^ dyf 3 dy 13 dyf 1 dx^ dy 
d 3 x^ dy v d 2 x^ d 2 y r> dx v 



+ 



dy a dy l3 dyf 1 dx^ dy a dy 13 dx^dx v dy 11 
The terms in the first two lines were already discussed in the previous subsection. The sum 
proportional to R' „ af3tl simplifies if we assume this tensor to be skew- symmetric in its indexes 
(5 and /i, i.e. R! v af3fl = —R' atJ,f3 . All terms that are symmetric in /3, \x then vanish, in particular 
the third order derivative term. Moreover, the entire expression can now be expressed through 
Christoffel symbols 

/ QZyV Q x " Q X K Q x ^ Q2 x k QyV Q x * g 2 X A djJJJJke^^ 

\dx^dx u dyf 1 dy a dyf 3 dy a dy fl dx^ dyf 3 -dyadyf 1 dx^ dy a J 
d 3 x^ ^^j dy Ch i d 2 x K d 2 y r> dx u ~ 



p/ a/3/x 



p/ a/3fi 



+ 



Sy^dy^dyf 1 dx£ 1 dy a dy> 3 dx K dx v dyf 1 



+ 

QyV Q x <y 
dx T dyf 1 



dy T \ dx K dx } 



dx^ ) dy a dyf 3 
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_ dx K t~ ik ® xT ^ x<7 \ ®y v d x 



+ / r /T <^_ T k dx T dx a \ ^&r^_ r/?? dy* 



Q/3 <9r T<T <9?/ Q <V J \ kC dxt dy» &dx" 

- 1 a/3 1 ft. ^ »7 1 a/3 1 

In this derivation, the transformation rule (1501 ) for the Christoffel symbols in the forms of 

d 2 x K lT dx K rK dx T dx a 



dy a dyP ap dy T rry dy a dyP 

d 2 y ri dx v rT dy' n dx a ^ lr) dy T 



dx^dx v dy» " 6<J dx T dy» T ^dx^ 
was inserted for the second order derivatives. Furthermore, the skew-symmetry condition 
i^r _ _jj>/ a/i/3 was use( j Again, the crucial requirements for a gauge invariance are 
satisfied: the emerging transformation rule for the Hamiltonian could be completely expressed 
in terms of the dynamic variables. Furthermore, all these contributions appear in a symmetric 
form with opposite sign in the original and the transformed canonical variables, 

Tq/? 'dyT ~ = ^ v X$J ~ ® K V AKJa ~~ iq ^ K(t)J ~ ^ K ^ aKJ ° 

~ 2*1 {A-HIa Aup — A KIj3 Aij a ) + ~i(? f>°f K (ciKIa ^Ufi ~ a KI/3 ^IJa) 

— n'R' #r'^ v ,ri 4- n ' n "Pvrt r v 

1 11 v a/3 1 Zn^ ( i rL r) L a(3 L 

On the basis of a given conventional Hamiltonian density H = H((/>i, <f>j, n^lf^x) that is 
form-invariant under a global gauge transformation = uik4>k and under a transformation 
of the space-time location, the total locally gauge invariant Hamiltonian is thus finally 
obtained as 

ft det A = H det A + iq (w a K <Pj - J K tt°) a KJa - q'R«^ ^ a ^T\^ (53) 

1 • ~a/3 / \ 1 ~a/3 / . . r>-p£ 

~ 2 lC lPjK \ a KIa O-IJP — O-KI/3 O'IJa) + ~2~PjK \ a KJa;l3 + &Kjp;a + ZL a p a KJ£ 

as this Hamiltonian yields, according to the general transformation law (l35l) 

r)X a r)r a 

ft' det A' - ft det A = T P _ L R 



dyP a dyf 

a transformed Hamiltonian ft' det A' of the same form in all canonical variables. 

In order to describe the dynamics of the 4-vector gauge fields aji, the gauge invariant 
Hamiltonian must finally be adjoined by the Hamiltonian 

nj l ~a(3 

Clearly, T-L { must be gauge invariant as well in order for the total Hamiltonian to be invariant. 
By means of the transformation rule (@4) for the canonical momenta p^ M we get the scalar 
expression H{ 



P°NmPMN^ol — (uNJ PjK u KM^j (UMI PlL/3a Uln) 



Generalized U(N) gauge theory 



22 



PjK-PlLda {uRMUmi) {^LNUnj) 
JD a B p 



(54) 



The same reasoning applies for a term required to describe the "curvature dynamics" 

V — — i n'R Q ^/? ?? 

rtc — 4 1 11 aBfi- 

Collecting all terms together, the final gauge-invariant trivial extended Hamiltonian Hi at 
space-time event x emerges as 



,dx a 



Ux = U det A - ici-Q-p + H [k k <\)j - <p K nj) a KJa + \pJ K p K JBa 

— ^iqPjK [flKIa O-IJB ~ &KIB a IJa) + ^PjK {&KJa;B + a KJB;a + %^ a l3 a KJi 

The subsequent fields equations must be tensor equations in order to hold in any coordinate 
system, hence to be form-invariant under transformations of space-time x. Switching to a 
fixed Minkowski metric, which means to set the Christoffel symbols and the curvature tensor 
elements in the last line to zero, we recover the Hamiltonian of the conventional U(A r ) gauge 
theory (Struckmeier and Reichau 2012). 



5.4. Canonical field equations from the gauge-invariant Hamiltonian 



The final gauge-invariant Hamiltonian (p5l) actually represents a trivial extended Hamiltonian. 
Therefore, the canonical equations for the x^ and the t„" are those from Eqs. (|2Tb and 
(1281) . which apply for all extended Hamiltonians "Hi that emerge from a conventional 
Hamiltonian H according to Eq. (|22l) . 



5.4.1. Equations for </>/, 717 The canonical equations involving the original system's fields 
(f>i, (fij and their conjugates are 



dx c 



dnf 



H 



dx c 



H 















dx a 


H 


&h 


'l 


04) 


I 


dir? 




dx a 


H 



dH 



+ iqau^(pj 



det A + iq au a iij 



det A + iq a IJa 7ij det A. 



On the other hand, the partial derivative of the tensor density 7Cj is proportional to the covariant 
derivative of the absolute tensor 71 j since 



dnf dir? , „ d det A 
1 detA + vr"- 



dx 



dx c 



dx c 



dx c 



7T, 



detA. 
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Thus 



7T7 



+ iqa Ua 'K a j. (56) 

H 



h dx a 

This correlation accounts for the usual terminology to refer to the right-hand side of Eq. (|56l 
as the "covariant derivative". The pair of canonical field equations implements the "minimum 
coupling rule". 

5.4.2. Equations for o.lm,Plm The correlation of the canonical momenta p^j to the 
derivatives of the gauge fields a JKll follows from the first canonical equation 



ddLMu _ dUi 1 i- / \ i l / d a LMv da 



The Plmvii now turn out to be skew- symmetric in v, /i, 

PhM^v — q r iq \Q.LIv a IMfi — O'LIfi a IMu) ■ P ' ) 

As the derivatives constitute the curl of a iM , this is a tensor equation and, therefore, holds 
in any coordinate system. With p°f K then constituting a skew- symmetric tensor density, the 

value of the term p°f K (aKja-,/3 + a- K j^ a + 2T^ af3 aKj^j in the Hamiltonian (|55l) is zero. Yet, 
this does not mean that this term may be eliminated from the gauge-invariant Hamiltonian 
Hi. For, its partial derivatives with respect to the dynamical variables, p°f K , clkj& and T^ a/3 
do not vanish and hence enter into the respective canonical field equations. 
The derivative of Hi with respect to cl^m^ yields the divergence of p^ N 

dPtm = &Hi (58) 
dx a da NMl i 

= -iq - ~4>N Kl) - i( ? (PMJ a JNa ~ a M JaP%) ~ ^appMN' 

Because of 



d det A 

Pmn = Pmn det A, g ^ = T a afM det A 



and hence 



®PMN , ~a/3 ( ®PmN , r a u0 , r M „a/3 ] J p+ A _ ( n m \ j , * 

+ 1 a/3 PMN - I ^q, + 1 a/3 Pa/JV + 1 a/3 ?MJV J aet A ~ \PMNJ;a aet A > 



we can rewrite Eq. (1581 ) as a tensor equation for the covariant divergence of the absolute tensor 

(PMN) a = ~k (^JV0M - 1>N Kl) ~ ' l 1 (PmJ a JNa ~ a M JaPw) ' ( 59 ) 



Pmn 



5.4.3. Equations for T^ aj3 , R fJ a/3u Imposing on R^^ the skew-symmetry relation 

^t) ~ ^T) ' a^/i ~~ a/i/3' 

the derivative of f-i\ from Eq. (155b with respect to R^^ emerges as 

7 5Zfl- - / r-TA - a/3 U - 5 1 a/3 1 f u ~ 1 au 1 ffl • (° U ) 
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Solved for R 11 ^^, this yields 

which is a tensor equation, since we encounter the definition of the Riemann curvature tensor. 
Finally, the derivative of T-Li with respect to r K rcr yields 

dR™ a dHi 
dx a ~ ~d{qT K Ta ) 

p ra/3-pa , p a(3a-pr ^ ~rcr 

- -"q 1 1 a/3 _ —,V.JK a KjK- 

The last term on the right-hand side induces the coupling of the gauge field axj K with the 
change of the curvature tensor. The partial derivative of the tensor density R K Taa can be 
replaced by the partial derivative of the corresponding absolute tensor R K Taa via 

f) D TOOL fj D TOOL 

= det A + V p aB R K Taa det A. 

dx a dx a afj 



Now, the partial derivative of the absolute tensor RJ aa can be combined with all T-dependent 
terms to form the corresponding covariant derivative, 

/ p t<xck\ K p tcjol I "pr p /3cra i "ptj p r/3a _i_"p/^ p raa 

\ n K )-a ~ Q x a 1 na n P + 1 a / 3- ft K T * q/3-"- K ^ J 

=0 

which finally produces the tensor equation 

(Rr T );a = ~PjK*KJ K . (62) 

Evaluating the contraction k = o of Eq. (|62l) . the left-hand side represents the covariant 
divergence of the Ricci tensor, which can equivalently be expressed as the derivative of the 
curvature scalar 



0^ =--,PJKa„a K j. (63) 

The matrix of 4-vector gauge fields a KJ times the momentum tensors thus act as the source 
of the curvature. 

Equation (|63l) shows how the mechanism to describe massive gauge fields by a locally 
gauge-invariant Hamiltonian actually works. Instead of containing the Proca mass term 
proportional to the square of the gauge fields, ajKaO-xj — which cannot be patched up into 
local gauge invariance — the final gauge-invariant Hamiltonian (1551) depends on the Riemann 
curvature tensor, whose divergence is uniquely determined by the gauge fields according to 
Eq. (|62l) . Equation (|63l) now shows that the related curvature scalar R depends on its part 
quadratically on the gauge fields cljk- The gauge-invariant Hamiltonian (1551) thus depends 
indirectly on the square of the gauge fields, and this dependence is intermediated by the 
Riemann curvature tensor. As will be shown in the following, the equation for the 4-vector 
gauge fields cljk exhibits a term linear in the gauge fields with the Ricci tensor acting as a 
mass factor. 
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5.5. Fixing of q 1 



The Proca Lagrangian C P describes a massive (spin-1) 4- vector gauge field a (Griffiths 2008) 



1D7T 07T V 1% J 



1 /mc\ 2 



a„a 



Pa/3 



(9(2,3 <9a a 
<9x a So:' 3 



The symmetric energy-momentum tensor t u corresponding to £p is 



t u 



1 

47T 



The contraction /i = v yields 



t a 



1 /mc\'- 



Qi c\ 0/ 



4:71 V k ) 

From the mixed-tensor representation of the Einstein equation 

87TG 



(64) 



r: 



t v 



the equation for the curvature scalar R follows from the contraction fx = v 

8nG 



R 



-t, 



Inserting the contracted Proca energy-momentum tensor from Eq. (|64l) yields 

R = 2G(^)\ n a a . 



he) 

The admissible gauge of a^(x) 
da^ da v 



(65) 



da v da. 



da u 



dx v dx^ ' rfll/ dxv dx v dx^ 
generates exactly the required six independent components of the skew- symmetric 4x4 field 

tensor from the derivatives of a^. With this gauge, the partial x M -derivative of Eq. (1651 



dR 



2G 



2 d 



,a a a 



-2G 



m 
he 



Pa[i@> 



dx^ \hcJ dx^ 

can now be compared with Eq. (1631 ) 

q x /i ^ P a n a 
in order to fix the coupling constant q', 

We observe that the derivative of the contracted Einstein equation (1651) for the not gauge- 
invariant Proca system agrees with the field equation (|63l ) that was derived from the gauge- 
invariant Hamiltonian (l55l) . 

Equation. (|63l) is now given by the tensor equation 



OR 



2Gm 2 



m 



dx» h*c* Paf * a 



mp he 



Papfl 



with the numerical value of the fundamental constants in SI units amounting to 



G 



6.670 x 10 40 m-'kg-'s 



3 „2 



— = m p = 2.176 x 10 _8 kg 

Gr 



and nip denoting the Planck mass. 
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5.6. The emerging of a mass term 

In the coupled set of field equations, the term describing a massive gauge field is given by 
the particular term that is linear in the gauge field axj with no other field variables involved. 
Such a term emerges in a second-order equation for the gauge fields that comes forth if the 
momentum fields p^ N in Eq. (1581) are eliminated according to Eq. (l57l 

PMN —9 9 [(iMNfca - 0>MNa;P) + 1<? K^MJ a JN ~ a MJ a JN) ■ 

Explicitly, the covariant divergence of p^ N is 

\PmN);v -9 9 {aMNB;a;u ~ a M Na;B;u) + ^{(^MJ a jN ~ a MJ a JN);u 

= 9 m 9 Vfi a MN B\v\a — aMNa;v;/3 + ®MN£ {j^ Bav ~ ^a/3uj + ^( a MJ a JN ~ a MJ °JJv);v 
= aMN^R + 9 m dMN\v;a ~ 9^^ <a MN;u;B + 1( l( a MJ a JN ~ a MJ a JN)- u - 

The mass term in the field equation for the gauge fields thus follows from the curvature of 
space-time, which is, in turn, induced by the gauge fields according to Eq. (|63l ). 

The above expression for (pmn)- nas t0 ^ e e£ l uate d with the canonical field equation 
(|59| ) to yield the second-order field equation for the gauge fields 

aMNaR afl + (<?^ aMN;a ~ 5 , ^ a MAr;a) .3 + 1( l( a MJ a JN ~ a MJ a JAf);a 

+ ig (7f%(j) M - ~4> N 7ry + ig {p^ja JNa - a M j a p%) = 0, (66) 
with pMjBa given by Eq. ([57]). 



6. Conclusions 



With the present paper, we have worked out a consistent treatise of the extended canonical 
formalism in the realm of covariant Hamiltonian field theory. On that basis, the conventional 
principle of local gauge invariance was extended to also require form-invariance of the 
system's Hamiltonian under variations of the space-time metric. We thus encounter three 
additional terms in the extended gauge-invariant Hamiltonian that describe the dynamics of 
the space-time metric. These terms correspond to the three terms involving the gauge fields 
and their canonical conjugates that are well-known from conventional U(iV) gauge theory. 
We thereby also explain the peculiar formal similarities between non-Abelian gauge theories 
and general relativity (Ryder 2009). In the subsequent set of canonical field equations, the 
matrix of 4-vector gauge fields, ajx, acts as the source of the Riemann curvature tensor's 
variation. With this equation, general relativity is incorporated in a natural way into gauge 
theory and thereby extends the conventional gauge formalism which is merely based on 
introducing gauge fields within a static Minkowski spacetime. In the extended description, 
where transformations of the space-time metric are included, the existence of massive gauge 
fields no longer breaks the requirement of local gauge invariance. Rather, the gauge fields act 
as a source of space-time curvature, which in turn appears as a factor in the mass term in the 
second order equation for the gauge fields. With this approach being entirely new, important 
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issues such as a discussion of the solutions of the new field equations and the renomalizability 
of the corresponding quantized theory have to be left to further investigation. 
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